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Abstract 

Let (C, ( 8 >, 1) be an abelian symmetric monoidal category satisfying certain conditions and let 
V be a scheme over (C, (8>, 1) in the sense of Toen and Vaquie. In this paper we show that when 
X is quasi-compact and semi-separated, any quasi-coherent sheaf on X may be expressed as a 
directed colimit of its finitely generated quasi-coherent submodules. Thereafter, we introduce 
a notion of “field objects” in (C, (g>, 1) that satisfy several properties similar to those of fields 
in usual commutative algebra. Finally we show that the points of a Noetherian, quasi-compact 
and semi-separated scheme X over such a field object K in (C, 0,1) can be recovered from 
certain kinds of functors between categories of quasi-coherent sheaves. The latter is a partial 
generalization of some recent results of Brandenburg and Chirvasitu. 
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1 Introduction 


Let (C,®,!) be an abelian symmetric monoidal category satisfying certain conditions. Then, the 
idea of doing algebraic geometry over the category C has been developed by several authors; see, for 
instance, Deligne m, Hakim [18] and the work of Toen and Vaquie [35]. When C = k — Mod, the 
category of modules over an ordinary commutative ring k, we recover the usual algebraic geometry 
of schemes over Spec{k). In general, a more abstract theory of schemes (and monoid objects) using 
categories is the entry point to, for instance, the derived algebraic geometry of Lurie [22| and the 
homotopical algebraic geometry of Toen and Vezzosi (see [33], [34]). For an abstract treatment of 
monoid objects in abelian model categories, see, for instance Hovey m- Further, the Morita theory 
for monoids in symmetric monoidal categories has been developed by Vitale [37] . The algebraic 
geometry over symmetric monoidal categories is also a stepping stone to the study of schemes over 
“the field with one element” Fi (for more on the geometry over Fi, we refer the reader for example 
to the work of Connes and Consani m, m, 0 , Deitmar m and Soule [30], m)- In the last 
few years, there has also been a lot of interest in the theory of monoid schemes (see Cortihas, 
Haesemeyer, Walker and Weibel [9], Flores and Weibel m, Pirashvili [24] and Vezzani [36]). 

In this paper, we will work with the notion of a scheme over (C, ®, 1) due to Toen and Vaquie [35]. 
For most of this article, we will also assume that the abelian symmetric monoidal category C is also 
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“locally finitely generated”. The theory of locally finitely generated abelian categories has been 
studied extensively in the literature (see, for example, m, ES], m, EH, m)- For a scheme X 
over (C, (8), 1), the purpose of this paper is to consider the following two questions on the category 
QCoh{X) of quasi-coherent sheaves on X: 

(Ql) For a scheme X over (C, (8), 1), can a quasi-coherent sheaf on X be expressed as a colimit of 
its finitely generated quasi-coherent submodules? 

We show that when X is quasi-compact and semi-separated (in the sense of Definition 12.21) , this is 
indeed true, i.e., any quasi-coherent sheaf on X can be expressed as a directed colimit of finitely 
generated quasi-coherent submodules (see Theorem 13.91) . For ordinary schemes over a field, similar 
results have been studied in the classical texts (see EGA I m. m)- More recently, Rydh [28], 
|29j has tackled similar questions for algebraic stacks. 

The second question we consider in this paper concerns the points of a scheme over a “field object” 
AT in (C, (8>, 1). In Definition 14.41 we have introduced a notion of “field objects” in the symmetric 
monoidal category (C, i8>, 1) that we believe is of independent interest. It is shown that for a field 
object K over (C, (8), 1), the category K — Mod of AT-modules satisfies several properties analogous 
to the category of vector spaces over a field. Thereafter, we ask the following question: 

(Q2) For a scheme X over (C,(8>, 1), under what conditions does a functor F : QCoh{X) —>■ 
QCoh{Spec{K)) = K — Mod to the category of A'-modules correspond to a pullback F = /* by a 
morphism / : Spec{K) — XI 

For a quasi-compact, semi-separated and Noetherian scheme X, we show that any cocontinuous, 
symmetric monoidal and normal functor F : QCoh{X) —>• K — Mod corresponds to a point 
of X over the field object K (see Theorems 15.121 and 15.131) . The notion of a normal functor 
F : QCoh{X) —K — Mod introduced in Definition 15.51 from the category of quasi-coherent 
sheaves is an extension of the notion of normal functors between categories of modules in m- 

We now describe the structure of the paper in greater detail. We let Comm{C) be the category of 
unital commutative monoid objects in C. For any A € Comm{C), we let A — Mod be the category 
of A-modules in C. Then, we let Affc := Comm{C)^ be the category of affine schemes over C. 
In particular, the affine scheme corresponding to a commutative monoid object A € Comm{C) is 
denoted by Spec{A). In Section 2, we briefly recall the notion of a scheme over (C, (8), 1) due to Toen 
and Vaquie [35] . We also recall from [1] and [I] the notion of quasi-coherent sheaf for schemes over 
(C, (8), 1) as well as the corresponding formalism of pullback and pushforward functors. Thereafter, 
in Section 3, we assume that every object in C can be expressed as a directed colimit of finitely 
generated subobjects. We show that this is equivalent to every A-module M being isomorphic to 
the directed colimit of its finitely generated A-submodules. Then, the main result of Section 3 is 
the following (see Theorem 13.91) . 

Theorem 1.1. Let X be a quasi-compact and semi-separated scheme over (C,®, 1) and let JH be 
a quasi-coherent sheaf on X. Then, A4 can be expressed as a filtered direct limit of its finitely 
generated quasi-coherent submodules. 

We start considering Noetherian schemes in Section 4. We say that a commutative monoid object 
A is Noetherian if every finitely generated A-module M is finitely presented, i.e., can be expressed 
as a colimit 

M ^ colim{0 ^ A^ ^ A^) (1.1) 
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for some morphism q : with m, n > 1 (see Definition 14.ip . Then, our first result is that if 

A is a Noetherian commutative monoid object, Spec{A) is a Noetherian scheme, i.e., if A —>■ B is a 
morphism in Comm{C) inducing a Zariski open immersion Spec{B) — Spec{A) of affine schemes, 
B € Comm{C) must also be Noetherian (see Proposition 14.31) . The key notion in Section 4 is that 
of a “field object”: we say that a Noetherian commutative monoid object 0 ^ K ^ Comm{C) is a 
“field object” in (C, (8>, 1) if it has no subobjects other than 0 and K in K — Mod (see Definition 
KM- We believe that this notion is of independent interest and hope that it would be a first step 
towards developing Galois theory for schemes over a symmetric monoidal category. In order to 
justify our definition as the correct notion for a field in a symmetric monoidal category, the rest 
of Section 4 is devoted to showing that the category K — Mod oi modules over a field object K 
has several properties similar to the category of vector spaces over a field. We prove the following 
succession of results on K — Mod, each property being utilized to prove the next. 

Theorem 1.2. Let K be a field object in (C,(8>,1) in the sense of Definition \4-4\ Then, we show 
the following: 

(a) For any n > 1, is a projective object of K — Mod and any morphism of finitely presented 
K-modules can he lifted to a morphism of their presentations. 

(b) Every monomorphism (resp. epimorphism) in K — Mod is a split monomorphism (resp. split 
epimorphism). 

(c) Any finitely generated (non-zero) K-module is isomorphic to a direct sum for some m > 1. 

(d) The corresponding affine scheme Spec{K) behaves in a way similar to a space with a single 
point, i.e., any non-trivial Zariski open immersion U —> Spec{K) must be an isomorphism. 

Finally, given a Noetherian commutative monoid object A such that HomA-Mod{A, A) is an integral 
domain, we describe in Proposition 14.11] a process of localizing A (under some conditions) to obtain 
a field object K{ A) in (C, G, 1). This is the analogue of the usual contruction of the field of fractions 
of an integral domain. 

In Section 5, we consider the points of a Noetherian, quasi-compact and semi-separated scheme X 
over a field object K, i.e., morphisms / : Spec{K) —)■ X. It is clear that any such morphism / 
defines a pullback functor f* : QCoh{X) —> QCoh{Spec{K)) = K — Mod that is cocontinuous 
(i.e., preserves small colimits) and preserves the symmetric monoidal structure. As such, it is 
natural to ask if the converse is true, i.e., whether any cocontinuous symmetric monoidal functor 
F : QCoh{X) — > K — Mod can be described as F = f* for some morphism / : Spec{K) — X. 
For usual schemes, Brandenburg and Chirvasitu [5] have shown that this is indeed the case. In fact, 
it is shown in [5j that any cocontinuous symmetric monoidal functor F : QCoh{X) —)■ QCoh(Y) 
with X being a quasi-compact and quasi-separated scheme can be described as a pullback along 
some morphism / : Y — X. Let A, B be commutative monoid objects of (C,®,!) with A 
Noetherian. Then, if T -. A — Mod — B — Mod is a functor that is not only cocontinuous and 
symmetric monoidal but also normal in the sense of Vitale |37( § 4], we show in Proposition 15.21 
that F corresponds to “extension of scalars” along some morphism A —)• B in Comm{C). This 
suggests that we should introduce a suitable notion of normal functor from QCoh{X) to K — Mod. 
This is done in Definition 15.51 Then, the main result of Section 5 is the following (see Theorems 
[5T2]and[5T3D. 
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Theorem 1.3. Let X be a quasi-compact, semi-separated and Noetherian scheme over (C,0,1). 
Let K be a field object of (C, (S>, 1) and F : QCoh{X) —^ K — Mod be a cocontinuous symmetric 
monoidal functor that is also normal. Then, there exists a morphism f : Spec(K) —> X such that 
F = f*. 

Conversely, the pullback functor f* : QCoh{X) —K — Mod corresponding to a morphism f : 
Spec{K) —X is not only cocontinuous and symmetric monoidal, hut also a normal functor in 
the sense of Definition 1,5.51 

As indicated above, from Section 3 onwards, we will assume that the category (C,(8),l) is “locally 
finitely generated”. As such, we present here some natural examples of situations where this 
condition applies. 

Examples: (a) If T is a topological space and ^ is a presheaf of commutative rings on Y, we could 
take C to be the category A — Premod of presheaves of yl-modules on Y (see [26l Corollary 2.15]). 

(b) Further, if Y is any topological space with a basis of compact open sets (for example, any 
locally Noetherian space) and A is any sheaf of commutative rings on Y, the category A — Mod 
of sheaves of ^-modules on Y is also locally finitely generated (see [25] Theorem 3.5]). In fact, in 
cases (a) and (b), the categories A — Premod and A — Mod respectively satisfy an even stronger 
condition, i.e., they are actually “locally finitely presented” (see [25], [26]i. 

(c) If Y is the closed unit interval [0,1] with the usual topology and Ay is the sheaf of continuous 
real-valued functions on Y, the category Ay — Mod oi sheaves of ^y-modules on Y is also locally 
finitely generated (see [25l Proposition 5.5]). 

In this paper, given any symmetric monoidal categories (C, (8),lc) and {D,®Ad)-, a functor F : 
C — D will be said to be symmetric monoidal if it preserves the symmetric monoidal structures 
up to canonical isomorphism. Additionally, all the symmetric monoidal categories in this paper 
will be Z-linear (i.e., preadditive) and therefore we will only speak of symmetric monoidal functors 
between them that are also Z-linear. 


2 Quasi-coherent sheaves on schemes over (( 3 , 0 , 1 ) 


In this section as well as in the rest of this paper, we let (C, 0,1) denote an abelian symmet¬ 
ric monoidal category that contains all small limits and colimits. Further, we will assume that 
(C, (8), 1) is closed; in other words, given any objects X,Y £ C, there exists an internal horn object 
HomfX,Y) G C such that we have natural isomorphisms: 

HomiZ (g)X.Y)^ HomiZ. Hom jX. Y)) yZeC (2.1) 

Let Comm{C) denote the category of commutative monoid objects in C. If A G Comm{C) is such 
a commutative monoid, we let A — Mod denote the category of A-module objects in C. Then, it 
follows that (A — Mod,iZA, A) is also a closed abelian symmetric monoidal category (see Vitale 
m ). For any M, N £ A — Mod, we will denote by Horn /^ {M. N) the internal horn object in 
A — Mod. Additionally, we will assume that filtered colimits commute with finite limits in each 
A - Mod. 
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Let Affc := Comm{C)°^ be the category of affine schemes over C. Given a commutative monoid 
object A E Comm{C), we let Spec{A) denote the affine scheme corresponding to A. Then, Toen 
and Vaquie [351 Definition 2.10] have introduced the notion of Zariski coverings in Affc making 
Affc into a subcanonical Grothendieck site. Accordingly, we let Sh{Affc) be the category of 
sheaves of sets on Affc- Further, Toen and Vaquie have also introduced a notion of Zariski open 
immersions in the category Sh{Affc) (see [351 Definition 2.12]) that is stable under composition 
and base change. We now recall from [351 Definition 2.15] the notion of a scheme over the symmetric 
monoidal category (C, 0,1). 

Definition 2.1. Let X be an object of Sh(Af fc). Then, X is said to be a scheme over (C,0,1) if 
there exists a family {Xi}i^i of affine schemes over C along with a morphism: 

p:l[Xi^X ( 2 . 2 ) 

i£l 


satisfying the following two conditions: 

(1) The morphism p is an epimorphism in the category Sh{Affc). 

(2) For each i G I, the morphism Xi —> X is a Zariski open immersion in the category Sh{Affc). 

A collection of morphisms {Xi — X}i^j as in (12.2h is said to be an affine cover of the scheme 
X. Given a scheme X over C, we denote by ZarAff{X) the category of Zariski open immersions 
U —>■ X with U affine. By definition (see [351 Definition 2.10]), a collection {Ui = Spec{Ai) —>■ 
Spec{A)}i^i of Zariski open immersions is said to be a covering of Spec{A) if there exists a finite 
subset J T I such that a morphism / : M —)• N in A — Mod is an isomorphism if and only if the 
induced morphism fj := f 0^4 Aj : M 0^ Aj — > N 0yi Aj is an isomorphism for each j E J. 

Definition 2.2. Let X be a scheme over (C,0,1). We will say that X is quasi-compact if every 
affine cover of X has a finite subcover. 

Further, we will say that X is semi-separated if the fiber product U Xx V E ZarAff{X) for any 
U,VG Zar Affix). 

From the above, it is clear that for any commutative monoid object A, the affine scheme Spec{A) 
is quasi-compact and semi-separated. Further, a scheme X over C determines a functor: 

Ox : ZarAffiXyP Gomm(C) {U = SpeciA) X) A (2.3) 

In [T], we introduced the notion of a quasi-coherent sheaf on a scheme X over C. For this, we consider 
the category Mode whose objects are pairs {A,M) where A E Comm(C) and M G A — Mod. A 
morphism (/,/j) : {A,M) —(B, V) in Mode consists of a morphism / : A —>■ B in C'omm(C) 
along with a morphism /jj : B 0^ M — N of B-modules. 

Definition 2.3. (see |2l Definition 2.2]) Let X be a scheme over (C,0,1). A quasi-coherent sheaf 
Ai on X is a functor 

M : ZarAff{X)°P Mode (2.4) 

satisfying the following two conditions: 
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(1) If p denotes the obvious projection p : Mode —^ Comm{C), we have po A4 = Ox- 

(2) For any morphism u : U' —;> U in ZarAff{X), let M{U) = {Ox{U), M) and M{U') = 

{Ox{U')-,M'). Then, the morphism Ai{u)^ : Ox{U') ®Ox{U) ^ ^ isomorphism. 

When there is no danger of confusion, for any U G ZarAff{X), we will often use M.{U) simply to 
denote the Ox{U)-module corresponding to M.{U) G Mode- The category of quasi-coherent sheaves 
over X will he denoted by QCoh{X). 

Given a scheme X, it is easy to see that QCoh{X) becomes a symmetric monoidal category by 
setting: 

{M0Ox^)iU) ■=M{U)^OxiU)^iU) eZarAff{X) (2.5) 

for every Ai, M G QCoh{X). Let / : X —y be a morphism of schemes over (C,(8), 1). We 
will say that / is quasi-compact if for each V G ZarAff(Y) and U := V Xy X, every affine 
covering {Uj — U}j£j of U has a finite subcover. Further, we will say that / : X — > Y is 
semi-separated if for each V G ZarAff{Y), U := V Xy X and Ui, U 2 G ZarAff{U), the fiber 
product Ui Xu U 2 € ZarAff{U). 

Proposition 2.4. Let f : X —?• Y he a morphism of schemes over (C,G>, 1). Then: 

(a) There exists a pullback functor f* : QCohfY) —)• QCoh{X) along with natural isomorphisms 
riM) 0Ox n^) = f*iM Goy M) for M,Me QCoh{Y). 

(b) If f is quasi-compact and semi-separated, then there exists a pushforward /* : QCoh{X) —>■ 
QCohiY) that is right adjoint to the pullback f*. 

(c) For any Ml', N' G QCoh{X), there are natural morphisms ®Oy ^ f*{-l^' ®Ox 

M'). 

Proof, (a) Let {Yi —)• Y}i^j be an affine covering of Y. For each i ^ I, set Xi := X XyYi and let 
{Uij —>• be an affine covering of X-i. Then, the functor f* : QCohfY) — QCoh{X), as 

defined in [U Proposition 2.6] is determined by setting f*{Ai)(Uij) := A4(Yi) ^OyiYi) Ox{Uij) for 
each j ^ Ji, i ^ I. It follows that: 

r{M = (M(Y,) ®ar(YL Ox{U,,)) ®Ox(UM OxiU.j)) 

- r{M){u,,) ®ox{uM ^ ’ 

Part (b) is already shown in [H Proposition 2.4] and [H Proposition 2.6]. Finally, for (c), we 
consider the counit morphisms f*f*{M.') — M.', f*f*{M') —> M' given by the adjoint pair 
(/*, /*)• Using (a), we know that {f*f*{M’)) ®Ox - f*{f*{-M.') GOy f*{-f^')) and hence 

we have a morphism /*(/*(A4') ^ ®Ox ■ Again, since f* is left adjoint to /*, 

this gives us a natural morphism: f^{M') Z/Oy f*{-^') —> /*(A4' 'S>Ox A'O- 

□ 

From Proposition 12.41 it follows that, in the language of [23l XL2], f* : QCohiY) —> QCoh{X) 
is a “strong tensor functor” between the symmetric monoidal categories QCohiY) and QCohiX) 
whereas /* : QCohiX) —)• QCohiY) is a “lax tensor functor” (if / is quasi-compact and semi- 
separated). Further, since f* is a left adjoint, it preserves colimits, in other words, f* : QCohiY) —>■ 
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QCoh{X) is a cocontinuous functor. In particular, if X is a scheme over (C,®,!) that is semi- 
separated in the sense of Definition 12.21 we note that for any U € ZarAff{X), the Zariski open 
immersion i : U —)• X is quasi-compact and semi-separated. We now have the following result. 


Proposition 2.5. Let X be a semi-separated scheme over (C,®, 1). Let i : U —^ X be a Zariski 
open immersion that is quasi-compact and semi-separated. Then, the counit natural transformation 
i*i* —> 1 is an isomorphism of functors i*i^ = 1 : QCoh{U) — QCohiU). In particular, this is 
true for {i : U — X) G ZarAff{X) . 

Proof. We consider some M. G QCohiU). Then, since i is quasi-compact and semi-separated, 
we have G QCoh{X). Then, as in the proof of Proposition I2.4f a'l. i*i^M. G QCoh{U) is 
determined by the modules: 


{i*UM){W) := {uM){V) 0Ox{V) Ox{W) V P G Zar Affix), W G ZarAff{V Xx U) (2.7) 

Since i is quasi-compact, we can choose a finite affine cover {Wi]i^i of i~^{V) = V Xx U. Since 
i~^{y) = V XxU —V — > X is a Zariski open immersion and hence a monomorphism, it follows 
that {Wi Xj-i(y) Wi') = Wi Xy Wi' = Wi Xx kp' for any i, i' G I. Then since X is semi-separated, 
(Wi Xi-i(y) kPi') = Wi Xx Wi' is affine. Then, by definition of z* (see [U Proposition 2.4], we know 
that 

{i,M){V) = Urn j WMiWi)^ n MiWi xy W,,) j (2.8) 

\i&I J 

Combining with (12.7p . it follows that 

{i*UM)iW) 

= lim xy W,)) ®Ox{v) Ox(W) (2.9) 

= lirn (Ui^jMiWi) Z>Ox(v) Ox(W)^n^,i'^iM(W, xy W,) ®o,(y) OxiW)) 

Additionally, for each i £ I, we have: 

MiWi) 0ox(v) OxiW) = MiWi) ®Ox(WL {Ox{Wi) ®Ox{v) OxiW)) 

= MiWi) (ZoxiW,) OxiWi Xy IT) = MiW^ Xy IT) 

Similarly, for any i, i' G I, we have: 

MiWi Xy IT*/) ® 0 ;,(y) OxiW) = MiWi Xy IT*/ Xy IT) 

Combining (|2.9I) . (|2.10l) and (12.lip , it follows that: 


( 2 . 10 ) 

( 2 . 11 ) 


ii*uM)iW) 


Urn WMiWi Xy IT)-^ Yl ^vWi^ Xy IT) 






( 2 . 12 ) 


Finally, since {IT* Xy IT}jg/ is an affine cover of IT, it follows from [351 Corollaire 2.11] that the 
limit in (|2.12p is isomorphic to M{W). Hence, i*i^MiW) = M{W) and the result follows. □ 
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3 Colimits of finitely generated quasi-coherent submodules 


In the usual algebraic geometry of schemes over Spec{'L), it is a classical fact that a quasi-coherent 
sheaf on a noetherian scheme X is the union of its coherent subsheaves (see |16l Corollaire 9.4.9]). 
For schemes that are quasi-compact and quasi-separated, every quasi-coherent sheaf is a filtered 
direct colimit of finitely presented Ox-™odules (see |17l § 6.9]). Similar results are known for 
certain kinds of algebraic stacks (see [20l Proposition 15.4] and [28], [29]). 

In this section, we will develop similar results for quasi-coherent sheaves on schemes over (C, (8>, 1). 
Given a commutative monoid object A G Comm{C), we will say that an ^-module M is finitely 
generated if it is finitely generated as an object of the category A — Mod. In other words, given 
any filtered system of monomorphisms {Mdie/ in A — Mod, we have an isomorphism: 


colinii^iHomA-ModiM, Mi) —> HomA-Mod{M,colimi(iiMi) (3.1) 

Let X be a quasi-compact scheme over (C, (g), 1). We will say that a quasi-coherent sheaf M. on X 
is finitely generated if A4(U) is finitely generated as an Clx(L^)-niodule for every U G ZarAff(X). 

Proposition 3.1. (a) Let A G Comm{C) be a eommutative monoid objeet and let M G A — Mod 
be an A-module. Let a family (finite or infinite) of submodules of M. Then, there exists 

a submodule of M that is the “sum” of the family of submodules In- other words, 

the submodule Yliei satisfies the following two conditions: 

(1) For eaeh i £ I, Mi is a submodule of Yliei • 

(2) Let N he a submodule of M containing Mi for every i € I. Then, '^i^i Mi is a submodule of 

N. 

(b) Let X be a scheme over [C, 1) and let M. be a quasi-eoherent sheaf on X. Let {Alijig/ be a 

family (finite or infinite) of quasi-coherent submodules of Ml. Then, there exists a quasi-eoherent 
submodule Yliei of Mi that is the sum of the quasi-coherent submodules {A4j}*6/- 

Proof, (a) Since A—Mod is an abelian category, it is well known that we can take sums of subobjects 
of any M £ A — Mod (see, for instance, [H]). Explicitly, the sum Yliei niay be described as 
follows: we consider the induced morphism q : ® jg/ Mi — M. Then, the sum Mli is defined 
to be the image of this morphism in the abelian category A — Mod; in other words, we set: 

Eie/ Mi := Coker{Ker{q)) = Coker{Ker{q : 0 Mi —> M) —^ 0-^^ Mf) , . 

= Ker{Coker{q)) = Ker{M — Coker{q : 0Mj — M)) ' 

(h) For any U G ZarAff{X), we set (J2iei ■— We consider a Zariski 

open immersion W — U of affines. Then, Ox{W) is a flat Ox(lA)-module. Since the sum 
in (13.211 is defined in terms of colimits and finite limits, it now follows that (Yliei Mii)(W) = 
(Ylisi Mli){U) ®Ox{U) Clx(kF). Hence, Mli is a quasi-coherent submodule of Mi that is the 
sum of the submodules Mii, i £ I. 


□ 


Given an A-module M, we can consider the system of its finitely generated submodules ordered by 
inclusion. We will now show that this system is filtered. 

Proposition 3.2. (a) Let A be a commutative monoid object of (C,®,!) and let M be an A- 
module. Then, the system of finitely generated submodules of M ordered by inclusion is a filtered 
direct system. 

(b) Let X be a quasi-eompaet scheme over (C,(8),l) and let M. be a quasi-coherent sheaf on X. 
Then, the system of finitely generated quasi-coherent submodules of M. is a filtered direct system. 

Proof, (a) Let Mi, M 2 be two finitely generated submodules of M. We will show that Mi + M 2 is 
also finitely generated. For this, we choose a filtered direct system of monomorphisms {Wlie/ 

A — Mod and set N = colimi^iNi. Since filtered colimits commute with finite limits in A — Mod, 
it follows that the canonical morphism : W —)■ is a monomorphism for each i ^ L. We now 
choose a morphism / : Mi + M 2 —)■ N. 

From (j3.2l) , we know that there exists an epimorphism q' : Mi © M 2 —)• Mi + M 2 . It is clear that 
Ml © M 2 is finitely generated and hence the composition fog': Mi © M 2 —?• N factors through 
for some ig € I- Further, we see that the composition 

Ker{q') ^ Mi (B M 2 ^ Ni^ ^ N (3.3) 

is 0. Then, since : Wp —)■ A^ is a monomorphism, the composition Ker{q') —Mi©M 2 —)• Wp 
must be 0. Finally, since Mi + M 2 = Coker{Ker{q') — > Mi © M 2 ), it follows that the morphism 
/ : Ml + M 2 —N factors through Wp. 

(b) For finitely generated quasi-coherent submodules AA, V of Ai, we consider the submodule A/'+P. 
From part (a) it follows that for each U G ZarAff{X), {M + V)(U) = Af{U) + V{U) is a finitely 
generated submodule of Ai{U). This proves the result. □ 


Lemma 3.3. (a) Let f : A —B be a morphism in Comm{C). Let M be a finitely generated 
A-module. Then, M B is finitely generated as a B-module. 

(b) Suppose that every object of C can be expressed as a directed eolimit of its finitely generated 
subobjects in C. Then, for any A € Comm{C), every A-module can be expressed as a directed 
colimit of its finitely generated A-submodules. 

Proof, (a) We consider a filtered system of monomorphisms {Ni}i^j in B — Mod. Then, we have: 

colim HomB-Mod{M ©a B, Ni) = colim HomA-Mod{M, Ni) 
i£i iei ('3 4 ') 

= HomA-Mod{AI,colim Ni) = HomB-Mod{M ©a B, colim Ni) ^ 

i&I i£l 


This proves the result. 

(b) Let M be an A-module. Then, we can express M as & directed colimit M = lir^ Mi of its finitely 

iei 

generated subobjects {Mj}jg/ in C. Then, lin^ Mi® A M ® A. Let m : M ® A —M be the 

iei 
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morphism that makes M into an A-module. Now since the composition M® 1 —> M®A M is 

an isomorphism in A — Mod, m M ® A —M is an epimorphism and hence so is the composition 

TTL 

f : 1^ Mi i8) A —> M ® A —M. We now consider the canonical morphisms; 
iei 


fi : Mi (8) A —)■ lin^ Mi (8> A —M ® A M (3-5) 

i€l 

for each i ^ I. For each z € /, we also set M- to be the A-submodule Im(fi) of M. Since the 
colimit / of the morphisms {fi}i£i is an epimorphism, it is clear that M = lirp M^. From part (a), 

iei 

we know that since Mi is finitely generated in C (i.e, as a 1-module), Mi (8) ^ is finitely generated 
as an ^d-module. Further, since each M^ is the image of the finitely generated ^-module Mi 0 A, 
it follows as in the proof of Proposition I3.2f al that M- is finitely generated in ^4 — Mod. Thus, the 
result follows. 

□ 

Throughout this section and in the rest of this paper, we will make the following assumption on 
commutative monoid objects in C: 

(Cl) Any object of C can be expressed as a directed colimit of its finitely generated subobjects in 
C. Equivalently, for any commutative monoid A G Comm{C), any module M G A — Mod can be 
expressed as the directed colimit of its finitely generated submodules. 

In other words, the condition (Cl) says that the category C is “locally finitely generated”. The 
theory of locally finitely generated abelian categories and indeed the theory of locally finitely 
generated Grothendieck categories is fairly well developed in the literature. For more on this, the 
reader may see, for example, m, m. [26], m or [32j . 

Lemma 3.4. Let X be a quasi-compact and semi-separated scheme over (C, G, 1) and let A4 be 
a quasi-coherent sheaf on X. Then, if {Uj}j£j is an affine Zariski cover of X such that M.\uj is 
finitely generated over Uj for each j £ J, Ai is a finitely generated quasi-coherent sheaf on X. 

Proof. Since X is quasi-compact, we may suppose that {Uj = Spec{Aj)}j^j is a finite affine 
cover. Then, A4(Uj) is finitely generated as an Aj-module for each j G J. We choose any U = 
Spec{B) G ZarAff(X). Further, since X is semi-separated, each U Xx Uj = Spec{Bj) is affine 
and the Spec{Bj), j £ J form a finite affine cover of Spec{B). From Lemma l3.3l al. it follows that 
Aij := Ai{U Xx Uj) = A4(Uj) 0Aj Bj is finitely generated as a i?j-module. 

We now consider a filtered system of monomorphisms {Wjie/ in B — Mod and a morphism g : 
Ai[U) —>■ colimi£i Ni of S-modules. Since each Bj is flat as a S-module, {W ®b Bj}i^i is a 
filtered system of monomorphisms in Bj — Mod for each j £ J. Since Aij is a finitely generated Bj- 
module, J is finite and I is filtered, we can choose io £ I such that g^B Bj : A4j = A4{U Xx Uj) = 
Ai{U) iSiB Bj — colimi^iNi (8>b Bj factors through Wo Bj for each j £ J. Further, since 
Wo Bj — colimi^iNi i^b Bj is a monomorphism, the morphism g ®b Bj : A4j = A4(U Xx 
Uj) = Ai{U) Bj —> colimi^jNi (8)_b Bj factors uniquely through Wo ®B Bj. Finally, since 
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{Spec{Bj) —> Spec{B) = U}j^j forms a finite affine cover, it follows from [35l Corollaire 2.11] 
that: 


M{U) = Urn M{U) Bj^\{--,^jM{U) ®b Bj 0b 


B, 


= Urn (^Ojgj ^io 


Bi 


n?,7'Gj 


B, 


B, 


(3.6) 


and hence the morphisms M.{U) 0b Bj — > Ni^ 0 b Bj can be glued together to give a morphism 
M(U) 


N^o. 


□ 


Lemma 3.5. Let U be a scheme over (C,®,1) that is also quasi-compact. Let M be a finitely 
generated quasi-coherent sheaf on U. Suppose that J\f can be expressed as a filtered colimit M = 
lirn M\ of quasi-coherent submodules J\f\. Then, there exists Aq € A such that M = A/aq- 
agA 

Proof. Since U is quasi-compact, we can choose a finite affine cover Ui = Spec{Ai), 1 < i < m oi 
U. Then, for each 1 < i < m, we can express MiUi) as a filtered colimit M{Ui) = 1^ Af\{Ui) 

agA 

of submodules. Since Af is finitely generated, there exists A* G A such that the identity map 
Af{U) — Af{U) factors through the monomorphism N\fiLfi) —Hence, AfxfiUi) —>■ 
Af{Ui) is also an epimorphism. It follows that = M{Ui) (since it is both an epimorphism 

and a monomorphism and Ai — Mod is an abelian category). Since Ui is affine, we now know that 

Finally, since A is filtered and we have only finitely many Ui, it follows that we can choose Aq G A 
such that MxfiUi = M\Ui for all 1 < i < m. Since the Ui form an affine cover of U, it now follows 
that Mxq = A^- 

□ 


Proposition 3.6. Let A G Comm{C) be a commutative monoid object and let X = Spec{A) be 
the affine scheme corresponding to A. Let U be a quasi-compact scheme over (C, 0, 1) along with a 
Zariski open immersion i : U —X that is also quasi-compact. Then, for any quasi-coherent sheaf 
M. on X and a finitely generated quasi-coherent submodule Af of the restriction i*AA = AA\u, there 
exists a finitely generated quasi-coherent submodule Af of AA such that Af\u = Af. 

Proof. Since X is affine and hence semi-separated, it is clear that the open immersion i is semi- 
separated. Now, since i* is a right adjoint, it follows that i*AA is a quasi-coherent submodule of 
ifi*A4 = i*(Al|f/). We now set: 

A7{V) := Um{M{V) {iJ*A4){V) ^ UAf{V)) V H G ZarAff{X) (3.7) 

Since Af is defined in terms of a finite limit in (|3.7p . it follows that Af G QCoh{X). Further, since 
i*A7 — ifi*A4 is a monomorphism, it follows from the limit in (|3.7p that AfiV) — AA{V) is a 
monomorphism, i.e., Af is a quasi-coherent submodule of AA. We now consider the restriction Af\u- 
For any W G ZarAff{U), it follows from (13.71) that: 

(Af\u){W) = AfiW) = Um{AA{W) {iXM){W) ^ uAf{W)) (3.8) 
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Since W G ZarAff{U), we notice that M.{W) = i*M.{W), {i^i*M.){W) = ((z*z*)(i*A^))(tF)and 
i*A/’(VF) = {i*i^,N'){W). Then, it follows from Proposition 12.51 that Ai){W) = i*M{W) and 
= J\f{W). Combining this with (I3.8|) . it follows that 

{Jf\u){W) = lim{i*M{W) i*M{W) ^ M{W)) = N{W) VVP G ZarAff{U) (3.9) 

Thus, Af is a quasi-coherent submodule of Ai such that M\u = Af- Further, since X = Spec{A) 
is affine, we know that Af G QCoh{X) corresponds to an ^-module N. Using Proposition I3.2f af 
and condition (Cl) towards the beginning of this section, it follows that the ^-module N may be 
expressed as a filtered colimit of its finitely generated submodules. Accordingly, we can express Iff 
as a filtered colimt AT = lii^ Af\, where Af\ is the quasi-coherent submodule of Iff corresponding to 

agA 

a finitely generated submodule Nx of N. From Lemma l3.3l faf . it follows that the quasi-coherent 
module Nx on Spec{A) corresponding to a finitely generated submodule module Nx of N is also 
finitely generated as a quasi-coherent sheaf on A = Spec{A). Since the restriction i* is a left 
adjoint, it now follows that: 

AA = ATI^ = lim AAlr/ (3.10) 

agA 

As noted before, the system A is filtered. Since N is finitely generated, it now follows from Lemma 
13.51 that there exists some Aq G A such that N = Nxq\U. This proves the result. 

□ 

Let A be a quasi-compact scheme over (C,®,!) and let {Ui}i<i<n be a finite affine cover of A. 
Then, we know that the scheme A can actually be written as a quotient Y/R, where Y = Ui 
is the disjoint union of the affine schemes Ui and i? C A x A is an equivalence relation in Sh{Affc) 
satisfying certain conditions described in [35 ( Proposition 2.18]. We now recall the following con¬ 
struction from [U § 4]: For any 1 < m < n, we set Y^ ■= Ui and consider the equivalence 
relation Rm on A^ defined as follows: 

Rm R ^ (YxY) Ofn ^ Y^n) ^ Yjn X 

1 

R -^ A X A 

Then, we have shown in [U Lemme 4.3] the following result: 

Proposition 3.7. For any given 1 < m < n, consider the disjoint union Y^ = Ui as well as 
the equivalence relation R^ as defined in (13.111) above. Then, the induced morphism p^ ■ A^ —^ A 
from the scheme Xm '■= YmlRm is a Zariski open immersion. 

We note that the result of Proposition l3.6l applies in particular to open immersions U = Spec{B) — 
A = Spec{A) of affine schemes. We will now extend this to the case where A is any quasi-compact 
and semi-separated scheme over (C,®,1) and U G ZarAff{X). 

Proposition 3.8. Let X be a quasi-compact and semi-separated scheme over (C, ®, 1) and let U G 
ZarAff{X). Then, for any quasi-coherent sheaf Nl on X and any finitely generated quasi-coherent 
submodule N of the restriction Ad\u, there exists a finitely generated quasi-coherent submodule N' 
of AA such that N'\u = N. 
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Proof. Since X is quasi-compact, we can choose a finite affine cover {Ui}, 1 < i < n oi X with 
Ui = U. For any 1 < m < n, we consider the schemes X^ and the open immersions pm ■ Xm —^ X 
as described above. We set A/i = J\f. For every such m, we want to define a finitely generated 
quasi-coherent submodule A/’m of M\xm such that Nm\xi = A/i for all 1 < i < m. Suppose that we 
have successfully defined such sheaves Ai for every i < m. We will now describe how they can be 
used to define Afm on Xm- 

We now choose some W € ZarAff{Um) and consider the following fiber squares: 

XX W -^ (Xm-l XX Um) Xx W -^ W 

Ui Xx Uyn ^ Xyfi—l Xx Um ^ U^n V 1 ^ i (3.12) 

U -^ Xm-l A 

From Proposition 13.71 we know that Pm-i '■ Xm-i —^ X is a Zariski open immersion and hence 
so is {Xm-i Xx Um) —>■ Um- Since X is semi-separated, U Xx W is affine for each 1 < z < m. 
From (I3.12|) . it follows that for any W G ZarAff{Um), the fiber product (Xm-i xx Um) xx W 
has a finite affine covering {Ui Xx lF}i<i<m and is therefore quasi-compact. It follows that the 
Zariski open immersion (Xm-i Xx Um) —> Um is quasi-compact. In particular, since Um is affine, 
i.e., Um € ZarAff{Um), it also follows that (X^-i Xx Um) is quasi-compact. We can now apply 
Proposition 13.61 to the immersion (X^-i Xx Um) —> Um- 

Accordingly, it follows that there exists a finitely generated quasi-coherent submodule Mm oi Ml\u^ 
such that: 

-^L\{Xrr,-lXxUm) = Mn-1 | (X^_i X x ) (3-13) 

From (I3.13p . it follows that the quasi-coherent sheaves Mm-i and Mm on X^-i and Um respectively 
agree on Xm-i Xx Um- Hence, we can consider the quasi-coherent submodule Mm of Ml\xm such 
that Mm\xm-i — -^m-i and Mm\um — Further, the restriction of Mm to X^-i and Um being 
finitely generated, it follows from Lemma 13.41 that Mm is a finitely generated quasi-coherent sheaf 
on Xm- 

It follows that M' := Mn is a finitely generated quasi-coherent submodule of Ad such that M'\u = M- 

□ 

We are now ready to show that any quasi-coherent sheaf on a quasi-compact and semi-separated 
scheme is a filtered direct limit of its finitely generated quasi-coherent submodules. 

Theorem 3.9. Let X be a quasi-compact and semi-separated scheme over (C,®, I) and let Ml be 
a quasi-coherent sheaf on X. Then, Mi can be expressed as a filtered direct limit of its finitely 
generated quasi-coherent submodules. 

Proof. We consider the system {AdAjAeAM finitely generated quasi-coherent submodules of Mi. 
From Proposition 13.2l bi. we know that Am is filtered. We have a natural morphism: 

f :Mi' := In^ Mix ^ Mi Mi'(U) := Ih^ Mix(U) VUe ZarAff(X) (3.14) 
XgAm XgAm 
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Since each A4x{U) —)• A4{U) is a monomorphism, f{U) : A4'(U) — A4(U) is also a monomor¬ 
phism (because filtered colimits commute with finite limits in Ox{U)—Mod). Hence, / : A4' —>■ A4 
is a monomorphism in QCoh{X). 

We now consider the restriction M\u of Ai to some U € ZarAff{X). Since U is affine, we 
can express Ai\u as a hltered colimit of its finitely generated submodules ^ S Au. From 
Proposition 13.81 it follows that we can choose finitely generated quasi-coherent submodules AA.'^, 
A G Au of A\ such that Ai'^\u = Ai'^. We let A'^ be the filtered subsystem of Am consisting of all 
finite sums of the finitely generated submodules {Ai'{}ueZarAff{x)- Then, it is clear that the 
natural morphism: 

g : AM' := Ih^ M!'x Ai (3.15) 

is an isomorphism. Further, the isomorphism g : AM' Ai factors through / : AM —)■ Ai from 
which it follows that / is also an epimorphism in QCoh{X). Since QCoh{X) is an abelian category 
(see [H Proposition 2.9]), it follows that / is an isomorphism. 

□ 


4 Noetherian commutative monoids and field objects over (C, 0,1) 


In this section, we will introduce and study Noetherian schemes and field objects over (C,®,!). 
We will define Noetherian commutative monoids to be those for which every finitely generated 
module is also “finitely presented” (see Definition HU). Our notion of a “field object” in (C,®, 1) 
is presented in Definition 14.41 We will see that with the notion of field object as in Definition 14.41 
we can recover several of the usual properties of a field. Thereafter, in Section 5, we will show how 
the points of a Noetherian, quasi-compact and semi-separated scheme X over a field object K can 
be recovered from certain kinds of cocontinuous symmetric monoidal functors between categories 
of quasi-coherent sheaves. 

Definition 4.1. Let A € Comm{C) be a commutative monoid object of (C,®, 1). For any n > 1, 
we let A^ denote the direct sum of n-copies of A. We will say that A is Noetherian if for any 
finitely generated A-module M, there exists a morphism q : for some m, n > 1 such 

that M can be expressed as a colimit: 

colim{0 ^ A'" ^ A'')^ M (4.1) 

We will say that a scheme X over (C, ®, 1) is Noetherian if for any affine U = Spec{A) G 
ZarAff{X), A is a Noetherian commutative monoid object in the above sense. 

We note here that in previous work in [3], we have explored other notions of “Noetherian” for 
monoids objects and schemes over symmetric monoidal categories. Before we proceed further, we 
must show that if H G Comm{C) is Noetherian, the corresponding affine scheme Spec{A) is a 
Noetherian scheme in the sense of Definition sn In order to prove this, we mention here the 
following Lemma that is well known in the case of ordinary commutative rings (see, for example, 
m Chapitre IV]). 
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Lemma 4.2. Let f : A —^ B be an epimorphism of commutative monoid objects in (C,0,1). 
Then, we have an isomorphism B = B 0 ^ B. 

Proof. Let fi, f 2 ■ B — > C be morphisms in Comm{C) satisfying /i o / = /2 o /. Then, / being an 

epimorphism in Comm{C), we must have /i = f 2 - In other words, B is the pushout in Comm{C) 

f f f f 

of the diagram B i — A — B. On the other hand, we know that the pushout of B i — A —>■ B 

is B B. It follows that B = B 0^4 B. 

□ 


Proposition 4.3. Let f : A —^ B be an epimorphism of commutative monoids in (C, 0,1) such 
that B is a flat A-module. Then, if A Comm{C) is Noetherian, so is B. In particular, if 
A G Comm{C) is a Noetherian commutative monoid object, Spec{A) is a Noetherian scheme. 

Proof. Let A be Noetherian and let iV be a hnitely generated S-module. Then, N is an ^-module 
by “restriction of scalars”. From condition (Cl) in Section 3, we know that as an ^-module, N 
may be expressed as the filtered colimit of its finitely generated A-submodules {Niji^j. It follows 
that: 

N 0 ^ B = Ih^ Ni 0 ^ B (4.2) 

i&I 

On the other hand, since / : A —)• B is an epimorphism in Comm{C), we know from Lemma 14.21 
that B 0 ^ B = B. Combining this with (14.21) . we have: 

N ^ N iS)B B ^ N {B <^A B) ^ N B ^ Ni iS)A B (4.3) 

i£l 

Since B is a flat A-module, {Nj 0 ^i?}jg 7 is a filtered system of monomorphisms in B — Mod. Then, 
N being a finitely generated i?-module, there exists io € I such that N = Ni^ 0 ^ B. 

Finally, since A is Noetherian and Ni^ is finitely generated as an A-module, there exists a morphism 
q : A™ —>■ A"^ for some m, n > 1 such that Ni^ can be expressed as a colimit: 

colim{0 i — A”^ ^ A^) A Ni^ (4.4) 


From (14.41) . it follows that: 


N = Ni^ 0 ^ B = colim{0 i — A”* A”) 0^ B = colim (g ^ (^4,5) 

Hence, B is Noetherian. 

In particular, if / : A —)• B induces a Zariski open immersion of affine schemes, we know that 
/ : A — B must be an epimorphism in Comm{C) (see |35l Dehnition 2.9]) and B must be a flat 
A-module. Hence, Spec{A) is Noetherian. 

□ 


Definition 4.4. Let K G Comm{C) be a commutative monoid object of (C, 0 ,1) such that K 
We will say that K is a field object of (C, 0 ,1) ifK is Noetherian and any monomorphism I —)• K 
in K — Mod is either an isomorphism or zero. 
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Since K is a commutative monoid object, it follows from the well known “Eckmann-Hilton argu¬ 
ment” (see [12]) that £{K) := HomK-Mod{K, K) is a commutative ring. In particular, since the 
field object K has no subobjects in K — Mod (other than 0 and K), every non-zero morphism in 
HomK-Mod{K-,K) is an isomorphism. It follows that for a field object K in (C,®, 1), £{K) is a 
field. Further, for any i^-module M, HomK-Mod{K, M) becomes a vector space over £{K). In the 
rest of this section, we will further study field objects in (C, (8), 1). 


Lemma 4.5. Let K be a field object in (C,(8),l) and let f : L — )■ K be an epimorphism in 
K — Mod. Then, the induced map HomK-Mod{K-, f) '■ HomK-Mod{K-,L) —^ Homx-ModiK, K) 
is a surjection. 

Proof. For any M £ K — Mod, let /m : HomK-Mod{M, L) — > HomK-Mod{M, K) denote the 
morphism induced by /. Now, since £{K) = HomK-Mod{K, K) is a field, if we assume that 
/k '■ HomK-Mod{K-,L) — )■ HomK-Mod{K,K) is not a surjection of vector spaces, it must be 0. 
Then, for any n > 1, the morphism fx^ : HomK-Mod{K^,L) — HomK-Mod{K^-,K) induced by 
/ is 0. Further, since K is Noetherian, any finitely generated itT-module M can be expressed as 
a colimit of the form: M = colim{0 <— ^ K"^). We now have the following commutative 

diagram; 


lim{0 — Honix- Mod{K'^,L)< — HomK-Mod{K"',L)) -^ Homx-ModiM, L) 

0 /m 

lim{0 —^ HomK-Mod{K'^,K) <— HomK-Mod{K"',K)) —^ HoniK-ModiM, K) 


(4.6) 


We see that /m = 0 : HomK-Mod{M, L) — ^ HomK-Mod{LI,K) for any finitely generated K- 
module M. Finally, since every X-module can be expressed as a filtered colimit of its finitely 
generated submodules, it follows that /m = 0 for each M £ K — Mod. From Yoneda Lemma, 
it now follows that f = 0 : L — > K. Since K t), this contradicts the fact that / is an 
epimorphism. □ 


Proposition 4.6. Let K be a field object in (C,®,!). Then: 

(a) For any n>l, is a projective object of K — Mod. 

(b) Let f : M —N be a morphism of finitely generated K-modules. Choose any morphisms 

qm ■ ^ and qx : —)■ it'”' such that M and N may be expressed as 

M ^ colim{{) < — K^' ^ K^) N ^ colim{{) ^ K^' ^ K^) (4.7) 


respectively. Then, we have morphisms g : 
diagram is commutative: 




and h : - 

0 


h 
RW 


Qn 


■> 


M 

f 

N 


such that the following 


(4.8) 


0 
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Proof, (a) It suffices to show that K is projective. Let p : S —T be an epimorphism in K — Mod 
and take any / G HomK-Mod{K,T). Set T' := Im{f). We now define a pullback square: 


S' r = Im{f) 



(4.9) 


Since K — Mod is ara. abelian category and p : S —^ T is an epimorphism, its pullback p' : S' —> T' 
is also an epimorphism (see, for example, m § 2.54]). Now, if T' = 0, the morphism f = 0 : K — 
T lifts to S. Otherwise, since K has no subobjects other than 0 and iL, we must have T' = K. 
It now follows from Lemma iLhl that the morphism HomK-Mod{K, S') — HomK-Mod{K,T') = 
Homx-Mod{K, K) induced by p' : S' —^ T' = K must be an epimorphism. Therefore, the 
morphism / : K —>■ T' = Im{f) can be lifted to a morphism from K to S'. Composing with 
the inclusion S' S, we see that the morphism / : K — Im{f) = T' ^ T can be lifted to a 
morphism from K to S. Hence K is projective. 

(b) The horizontal rows of the diagram (14.8p are exact in K — Mod. Since K is projective, the proof 
of part (b) follows exactly as in the usual case of finitely presented modules over a commutative 
ring. 

□ 


Lemma 4.7. Every monomorphism (resp. epimorphism) in K — Mod is a split monomorphism 
(resp. a split epimorphism). 

Proof. Let i : M — > N he a monomorphism in K — Mod. Then, ix ■= HomK-Mod{K,i) '■ 
HomK-Mod{K,M) —)■ Homx-Mod{K, is a monomorphism of vector spaces. Hence, there 
exists a morphism px ■ HomK-Mod{K, dS) —^ HomK-Mod{K, M) such that pK o i^ = 1. Since 
K is Noetherian, any finitely generated module F in K — Mod can be expressed as a colimit 
F = colim{0 i — K'"). Then, since 

lim{h —^ HomK-Mod{K"'', M) <— HomK-Mod{K'^, M)) = HomK-Mod{F, M) , . 

lim{0 HomK-ModiK"^, N) ^ HomK-ModiK", N)) ^ HomK-Mod{F, N) ^ ’ 

the morphisms i^ and px induce: 

HomK-Mod{F,M) HomK-Mod{F,N) HomK-Mod{F, M) Pf o = 1 (4.11) 

From Proposition l4.6l bL we see that the morphism pp does not depend on the choice of the 
presentation F = colim{0 <— iL™ —>■ K'"). Further, since any module in iL — Mod can be 
expressed as a colimit of its finitely generated submodules, we have morphisms pp and ip as in 
(j4.11jl for any F G K — Mod. From Yoneda lemma, it follows that the morphisms pp are induced 
by a morphim p : N —)• M with p o i = 1. Hence, every monomorphism in K — Mod splits. 
Further, since every epimorphism in K — Mod can be fitted into a short exact sequence, it follows 
that every epimorphism in K — Mod also splits. □ 
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Proposition 4.8. Let K be afield object in (C,0,1). Then, every finitely generated K-module is 
isomorphic to a direct sum for some m > 1. 

Proof. Since K is Noetherian, for every finitely generated module M, there exists an epimorphism 
—>■ M for some n > 1 as in (|4.ip . By Lemma [4.71 the epimorphism splits and hence there is an 
inclusion M Accordingly, Homx-Mod{K, M) is a subspace of the finite dimensional vector 

space Homx-Mod{K: = £{K)^. Hence, we have an isomorphism ix '■ HomK-Mod{K,M) 

£{K)'^ = HomK-Mod{K,K'^) for some m <n. 

Then, by expressing any finitely generated iL-module F as a colimit F = colimfi) i — K^) , 

we see that ix induces a morphism ip : HomK-ModiF-,^) — tHomK-Mod{F-,K'^) for each finitely 
generated F va. K — Mod. Again, from Proposition l4.6l fbL it follows that ip is independent of 
the choice of the presentation F = colim{0 <— — > K^). Further, since any module in 

K — Mod can be expressed as a colimit of its finitely generated submodules, we have a morphism 
ip ; HomK-Mod{F, M )— tHomp-ModiF-, for any F G K — Mod. Since ip is an isomorphism, 

so is each ip. From Yoneda lemma, it now follows that the isomorphisms ip are induced by an 
isomorphism i : M K^. □ 


We also record here the following result that will be useful to us in Section 5. 


Proposition 4.9. Let K be a field object in (C,®, 1). Then, ifi : U — Spec(K) is a Zariski open 
immersion, then either U = S'pec(O) or U = Spec{K) and i is an isomorphism. 

Proof. First, we suppose that U is affine. Let U = Spec{A) and suppose that A / 0. Since K 
has no proper subobjects, the induced morphism K —A must be a monomorphism in iL — Mod. 
Therefore, we can consider the short exact sequence 0 —?■ K —A — > A/K —0 in iL — Mod. 
Further, since Spec{A) —?• Spec{K) is a Zariski open immersion, A is a flat iL-module. It follows 
that we have the following short exact sequence in K — Mod: 

0— >A(S)kK = A — >A®kA — >A®k{A/K)—>0 (4.12) 

Again, K —A being an epimorphism in Comm{C), it follows from Lemma 14.21 that A K = 
A = A®kA. Hence, A®x (A/TL) =0. Using Lemma im the monomorphism K —> Ain K —Mod 
splits and we can write A = K®K' for some K' ^ K — Mod. Then; 

{K®K')®kK'^A®k{A/K) = 0 => 0 = K(^kK'^K' (4.13) 


Hence, A = K and i is an isomorphism. 

In general, we consider a Zariski open immersion i : U —> Spec{K). If U = Spec{0), we are 
already done. Otherwise, we can choose V G ZarAff{U) such that V = Spec{A) with A 7 ^ 0. 
From the above, it follows that V —U —)• Spec{K) is an isomorphism. Then, the following 
pullback square 


V = U XuV = U Xspec{K) V 


u 


-> V^Spec{K) 


Spec{K) 


shows that V —)• U is an isomorphism. This proves the result. 


(4.14) 


□ 
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We now come to the construction of field objects in (C, ( 8 ), 1). In general, for a commutative monoid 
A € Comm{C), we let £{A) be the commutative ring £{A) := HomA-Mod{A, A). Further, any 
morphism / ; A —)• B in Comm{C) induces a morphism £{f) : £{A) — £{B) of commutative 
rings. When £{A) is an integral domain and A is Noetherian, we will now localize A with respect 
to the non-zero elements of £(A) (in the sense of [2]) to obtain a field object K{A). This is an 
analogue of the construction of the quotient field of an ordinary integral domain. 

More precisely, for any 0 7 ^ s G £{-^)j consider the localization Ag of A with respect to s as in [21 
(3.1)]: 

As := colim{A A A ...) (4-15) 

Further, by considering the morphisms Ag — Agt for any s, f G T(^)\{0}, we define K{A) to be 
the colimit (see [H (3.3)]); 

K{A) := colim Ag (4.16) 

.ef(A)\{0} 

Proposition 4.10. Let A G Comm{C) be a Noetherian commutative monoid object such that £(A) 
is an integral domain. Let K[A) he as defined in (|4.16p . Then, K{A) is a Noetherian monoid. 

Proof. In [21 Proposition 3.2-3.3], it is already shown that the localization K{A) is a commutative 
monoid along with a morphism i : A —>• K{A) in Comm{C) making K{A) into a flat ^-module. 

We want to show that i : A —?■ K{A) is also an epimorphism in Comm{C). For this, we consider 
morphisms f,g : K{A) —>• B in Comm{C) with h := f o i = g o i : A —?■ B. Then, we have 
£{h) = £{f) o £{i) = S{g) o £{i). Now, for any s G £’(4.)\{0}, £{i){s) is a unit in £{K{A)). Hence, 
£{h){s) is a unit in £{B). Then, from [21 § 3], it follows that there exists a unique morphism 
j : K{A) —?■ B in Comm{C) from the localization K{A) such that h = j o i. Consequently, we 
have f = j = g. 

Now since i : A —)■ K{A) is a flat epimorphism of commutative monoids and A is Noetherian, it 
follows from Proposition 14.31 that K{A) is Noetherian. □ 


Proposition 4.11. Let A G Comm{C) be a Noetherian commutative monoid object such that £{A) 
is an integral domain. Let K {A) be as defined in (14.161) . Then, if A is a finitely generated A-module, 
then K{A) is a field object in (C, (8*, 1). 

Proof. We have already checked that K{A) is Noetherian. We will first show that K{A) 7 ^ 0. We 
set K := K{A) and S := £’(H)\{0}. We choose some s G S and let i : / — > A be the kernel of 
s : A — >■ A. Then, if we consider any / G HomA-Mod{A, I), we see that so{io f) = 0. Since £(A) 
is an integral domain and s 7 ^ 0, it follows that i o f = 0. Further, since i is a monomorphism, it 
follows that / = 0. Therefore, we see that HomA-Mod{A,I) = 0. Since A is Noetherian, it now 
follows as in the proof of Lemma 14.71 that 7 = 0. Hence s : A —)■ H is a monomorphism for any 
s G S. Now, considering the filtered colimits appearing in (I4.15h and (j4.16p . it is clear that we have 
a monomorphism A —^ K = K{A). Hence, K{A) 7 ^ Q. 

Since any 0 ^ s : A —H is a monomorphism and A is finitely generated, it follows from the 
filtered colimit of monomorphisms defining Ag in (I4.15p that £{As) = HomAs-Mod{As, Ag) = 
HomA-Modi-^-,-^s) = £{^)s- For any 0 7 ^ t G £{A), the monomorphism t : A —> A induces 
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a monomorphism t : Ag —)• Ag of filtered colimits. Now the same reasoning as in the previous 
paragraph shows that for any 0 7 ^ G ^(^)) the morphism t : Ag —Agt is a monomorphism. 
Then, since A is finitely generated, considering the filtered colimit of monomorphisms defining /('(A) 
in (I4.16p , we have £{K{A)) = HomK{A)-Mod{K{A),K{A)) = HomA-Mod{A,K{A)) = Q{£{A)) 
where Q{£{A)) denotes the field of fractions of the integral domain £{A). 

On the other hand, let i' : I' — K = K{A) be a monomorphism va. K — Mod. Then, the 
induced map : HomK-Mod{K, I') —^ HomK-Mod{K,K) = £{K) is a monomorphism of 
vector spaces over the field £{K) = Q{£{A)). Hence, is either 0 or an isomorphism. If 
: HomK-Mod{K,I') —^ HomK-Mod{K,K) is an isomorphism, it follows as in the proof of 
Proposition 14.81 that i' : I' — K is an isomorphism. On the other hand, if = 0, it follows 
similarly that T = 0. 

□ 


5 Points of a Noetherian scheme over a field object 

For an ordinary scheme Z in usual algebraic geometry over Spec{R), where R is a ring, the points 
of Z over a field K are the morphisms Spec{K) —>■ Z. Given a Noetherian, quasi-compact and 
semi-separated scheme X over (C, ( 8 >, 1), we will consider in this section the points of X over a field 
object K in C. Accordingly, a point of X over K corresponds to a morphism Spec{K) —> X 
and therefore a pullback functor QCoh{X) —?• QCoh{Spec{K)) = K — Mod. In this section, we 
want to find out which kinds of symmetric monoidal functors from QCoh{X) to K — Mod can be 
described as pullbacks by some morphism Spec{K) —)• X. 

Let A and B be ordinary commutative rings and let F : A — Mod —B — Mod he a cocontinuous 
strong tensor functor from the category of A-modules to the category of H-modules. Then, F 
induces a morphism f : A = HomA-Mod{A, A) — HomB-Mod{B, B) = B of rings. Then, it 
may be verified easily that the functor F is given by “extension of scalars” along the morphism 
/ : A —>■ B. However, this argument does not extend directly to the case of commutative monoid 
objects A and H in a symmetric monoidal category. In fact, in order to study functors between 
module categories over commutative monoid objects in 1 ), we need the concept of “normal 

functors” from Vitale 137!. 

Definition 5.1. (see Jg?| Definition 4-^]) A and B be commutative monoid objects in (C, G, 1). 
A normal functor (F, r) : A — Mod —B — Mod consists of a functor F : A — Mod —> B — Mod 
along with a family of morphisms: 

tmm : Horn AM. m ^ Hom r,(F(M). F(N)) \/M,NeA-Mod (5.1) 

in C satisfying the following three conditions: 

(1) The family {TM,N}M,NeA-Mod natural in M and N. 
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(2) The family {TM,N}M,N&A-Mod is compatible with internal composition, i.e., for M, N, P £ 
A — Mod, we have a commutative diagram: 


Horn , {M, N) (g) Horn ^ (N. P) > Hom u(F(M).F(N)) ^ Hom r,(F(N).F(P)) 

o o (5.2) 

Horn AM, P) Hom^ (F(M).F(P)) 

Further, the family is also compatible with the identity 1 —^ A —>■ Horn a^ {M, M) of the monoid 
Horn a{M, M) for any M £ A — Mod. 

(3) For any f : M —> N in A — Mod, the following diagram commutes: 


1 


1 


Horn AM. N) 


i"(/) _ 

HomA F(M).F(N)) 


(5.3) 


where f : 1 — Hom /^ jM. N) (resp. F{f ) : 1 —> Hom p(F(M). F(N))) is the factoriza¬ 
tion off (resp. F{f)) through Horn j^{M, N) —> Horn{M,N) (resp. Hom p(F(M), F(N)) —> 
Hom (F(M).F(N))). 


Proposition 5.2. Let A, B be commutative monoid objects in (C,®,!) and suppose that A is 
Noetherian. Let {F,t) : A — Mod —>■ B — Mod be a normal functor such that F : A — Mod — 
B — Mod is a cocontinuous symmetric monoidal functor. Then, there is a morphism f : A —B 
in Comm{C) such that F{M) = B ig)^ M for each M £ B — Mod. 

Proof. We set / := ta,a ■ A = Horn a {A. ^ 4 ) — > Hom ujB. B) = B. From the conditions in 
Definition 15.11 we see that f is a morphism in Comm{C). Since F is a symmetric monoidal functor, 
we see that F(A) = B = B A. Now, if M is a finitely generated ^-module, we can express M 
as a colimit M = colim{0 <— A"^ —>■ A'^). Then, since F is cocontinuous, we have: 

F{M) = colim{0 ^ F{A^) —^ F{A^)) = colim{0 ^ B^aA'^ ^ B(3)aA^) = B(3)aM (5.4) 

Finally, since any module in A—Mod can be expressed as a colimit of hnitely generated submodules, 
it follows from (15.4p that F{M) = B M for any M £ A — Mod. □ 

Let X be a Noetherian, quasi-compact and semi-separated scheme over (C, g, 1) and let K be 
a field object. The result of Proposition 15.21 suggests that morphisms Spec(K) — > X should 
correspond to “normal functors” from QCoh{X) to K — Mod that are also cocontinuous and 
symmetric monoidal. However, it is not immediately clear how we can define the notion of a 
“normal functor” from QCoh{X) to K — Mod. In order to introduce this notion, we will make use 
of the following definition from [5], which explains what it means for a functor from QCoh{X) to 
K — Mod to be “local” with respect to some U £ ZarAff{X). 
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Definition 5.3. (see |3, Definition 2.3.5]) Let {C,®.,lc), and {E,iSi,1e) he preadditive 

symmetric monoidal categories. Let {i*,i^) be a pair of adjoint functors between E and D, with 
i* : E —D a symmetric monoidal functor and i* : D —E a lax tensor functor. Further, 
suppose that the counit e ; —?• id^ is an isomorphism. Let rj : idE —> i*i* be the unit natural 

transformation. Then, a functor F : E —> C is said to be i-local if Erj : F —> Fifi* is an 
isomorphism. 

From Definition 15.31 it may be easily verified that we have an equivalence of categories: 

oi* 

Fun{D, C) ^ . f {F £ Fun{E, C), i-local} (5-5) 

Here Fun{D,C) (resp. Fun{E,C)) denotes the category of functors from D (resp. from E) to C. 
We will also need the following result from [5]. 

Proposition 5.4. (see Proposition 2.3.6]) In the setup of Definition ] 5. 3\. one has: 

(a) Let f be any morphism in E such that i*{f) is an isomorphism in D. Then, a functor E : 
E —C is i-local if and only if F{f) is an isomorphism in C for every such morphism f. 

(b) Let Eunc^{D, C) (resp. Func®{E,C) ) be the category of all cocontinuous symmetric monoidal 
functors from D (resp. E) to C. Then, we have an equivalence of categories: 

oi* 

Eunc<^{D,C) ^ f {F G Func^{E,C), i-local} (5-6) 

02 * 

In particular, let X be a Noetherian, quasi-compact and semi-separated scheme over (C, 1) and let 

i : U —X be a Zariski open immersion with Lf affine. Then, as mentioned in Section 2, it follows 
that i* : QCoh{X) — > QCohiU) is a symmetric monoidal functor and i* : QCoh{U) — QCoh{X) 
is a lax tensor functor. Further, we know from Proposition 12.51 that the counit i*i^ — idQCoh{u) is 
an isomorphism of functors. Therefore, in particular, we can set D = QCoh{U) and E = QCoh{X) 
in Definition 15.31 Further, given a commutative monoid object A in (C,®,!), we can set C = 
A — Mod in Definition 15.31 Accordingly, we will say that a functor E : QCoh{X) —>■ A — Mod 
is [/-local if the natural transformation E — F o i^, o i* is an isomorphism. We are now ready to 
introduce normal functors from QCoh{X) to A — Mod for some A G Comm{C). 

Definition 5.5. Let X be a Noetherian, quasi-compact and semi-separated scheme over (C,®, 1). 
Let A he a commutative monoid object in C. Then, we will say that a functor F : QCoh{X) —>■ 
A — Mod is normal if there exists a normal functor {G^, T^) : B — Mod —)■ A — Mod with 
F = o i* for each {i : U = Spec{B) —X) G ZarAff{X) such that F is i-local. 

We remark that the condition in Definition 15.51 could be satisfied vacuously, i.e., there might not 
exist U G ZarAff{X) such that F is [/-local. 

Let X be a field object in (C, iX>, 1). We will now show that morphisms Spec{K) —X correspond 
to cocontinuous symmetric monoidal normal functors from QCoh{X) to K — Mod. For this, the first 
step is to show that given a cocontinuous symmetric monoidal functor F : QCoh{X) —)• K — Mod, 
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there exists U € ZarAff(X) such that F is [/-local. The latter is an analogue of the result of 
Brandenburg and Chirvasitu [5l Lemma 3.3.6] in the case of usual schemes. 

Let be a quasi-coherent sheaf on X and let M, M' be quasi-coherent submodules of M.. For 
any U € ZarAff(X), consider the morphism: 

0^{U) Horno,(u){J^{U), {M/M'){U)) (5.7) 

that corresponds, by adjointness, to the composition Ox{U)®o^{ij)M{U) —>■ A4{U) —> {A4/M'){U) 
in Ox{U) — Mod. We set: 

Af){U) := Ker{Ox{U) ^(u){^{U), {M/N'){U))) (5.8) 


Proposition 5.6. Let X be a Noetherian, quasi-compact and semi-separated scheme over {C, (8), 1). 
Let A4 be a quasi-coherent sheaf on X and let Af, Af be quasi-coherent submodules of Ad. Let 
[Af' : Af] be the set of all quasi-coherent submodules I of Ox such that the composed morphism: 


I (Zox ^ ®Ox ^ Ei (5-9) 

factors through Af. Then, if Af is finitely generated, we have: 

(a) The association U !->■ [Af : Af){U) for all U G ZarAff{X) defines a quasi-coherent submodule 

of Ox. 

(b) The quasi-coherent submodule {Af : Af) equals the sum of all the submodules I € [Af : Af]. 

Proof, (a) Let [/ G ZarAff{X) and let V G ZarAf f{U). We need to show that {Af : Af){V) = 
{Af : Af){U) ®Ox(U) ffxiV). Since Af is finitely generated and X is Noetherian, it follows from 
Definition 14.II that there exists a morphism Ox{U)^ — Ox{U)'^ such that: 


N{U) = colim{0 ^ Ox{U)^ Ox{U)^) 
Af{V)^Af{U) ®Ox(u) Ox{V) = colim{0 ^ Ox{V)^ OxiV)^) 

From ()5.10l) . it follows that: 

Eprnox{U)i^(U), {M/M'){U))) ®Oxi.U) Ox{V) 

^ lim{<d {Ad/N'){U))^ ^ {Ad/Af){U))^) (Zox(u) Ox{V) 

^ /fm(0 ^ {M/Af ){V))^ ^ {M/Af ){V))^) 

= Eprnox(y)my).{M/Af){V))) 


Now, since the kernel defining {Af : Af){U) in (|5.8I) is a finite limit, it follows from (15.lip that we 
have {Af : A/)(P) = {Af : Af){U) ®Ox{U) Ox{V). 

(b) From part (a), we know that {N' : Af) is a quasi-coherent submodule of Ox- For a quasi-coherent 
submodule I of Ox, the morphism in (|5.9p factors through Af if and only if the composition 
T ®Ox E" —Ox ®Ox ^ ^ ^ Ad/Af is 0. Then, using adjointness, it follows that 

X G [Af : Af] if and only for each Lf G ZarAff{X), the composition I{Lf) —)• Ox{U) —^ 
Homr n,. (rr) (Af(U), {Ad/Af){Lf)) is 0. By dehnition, we have: 

{Af:M){U) := Ker{Ox{U) ^ Homa^^u){Af{U),{M/Af'){U))) (5.12) 
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and hence any X E \M' : M\ must be a submodule of {M' : M). In particular, from (15.121) it is also 
clear that {M' : M) E \M' : M\. Thus, given any quasi-coherent submodule X' of Ox such that 
X C X' V X E \M' : A/"], we have [M' : M) C X'. Hence {M' : A/") is the sum of all submodules 
X^\M'-.M\. □ 


Lemma 5.7. Let X he a Noetherian, quasi-eompaet and semi-separated seheme over (C,®,!) and 
let X be a quasi-coherent submodule of Ox- Let K be a field object in (C,®,1). Let F be a 
symmetric monoidal functor from QCoh{X) to K — Mod. Then, if the induced map F{X — Ox) 
is an epimorphism in K — Mod, it must be an isomorphism. 

Proof. Since X is a symmetric monoidal functor, we know that F[Ox) = K. We set L := F{X). 
Then, it is clear that L is a (not necessarily unital) commutative monoid object in K — Mod and we 
have an epimorphism / : L —K in K — Mod. It follows from Lemma [4.51 that Homx- Mod{K,f) : 
HomK-Mod{K,L) —^ HomK-Mod{K,K) is a surjection. We choose any u : K —L such that 
u is mapped to the identity map K —> K by this surjection HomK-Mod{K, /). We now consider 
the following two commutative diagrams: 



X 


L 


L L -> K L 



where the diagram on the right is obtained by applying the symmetric monoidal functor F. Since 
f ou = id as mentioned above, the composition ^ ^ ^ ^ ^ jg also 

the identity. Then we have the following commutative diagram: 



L 


K L 


U ®K 1l 


L ®K L 


f ®K 1l 


K ®K L 



(5.13) 


From (I5.13[) . it follows that L is actually a unital commutative monoid in K — Mod with unit 
morphism u : K — L. Therefore, the following composition is identical to the isomorphism 
L ®x K = L: 

L®kK l®kL K®kL L (5-14) 

Since {lK®Ku)o[f®x^K) = if®K^L)°{^L®Ku), it follows from (I5.14|) that f®K^K '■ L®kK — 
K ®K K is a monomorphism. Then, the morphism f ^ K x ®k K = K 

a monomorphism. Since / is already an epimorphism, we now know that / is an isomorphism. □ 


Proposition 5.8. Let X be a Noetherian, quasi-compact and semi-separated scheme over (C,®, 1) 
and let K be a field object in {C, ®, 1). Let F be a cocontinuous symmetric monoidal functor from 
QCoh{X) to K — Mod. Then, there exists U E ZarAff{X) such that if X is a quasi-coherent 
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Ox to an 


submodule of Ox with I\u = Oxlu? the functor F maps the monomorphism Z 
isomorphism. 

Proof. Let {Ui}, 1 < i < n be an affine Zariski cover of X. Suppose that for each i, there exists a 
quasi-coherent submodule Xj of Ox such that = Ox\ui ^ F{Ox) = K \s not an 

epimorphism. Since K \s a, field object, it follows that F{Zi) = 0. We now consider the direct sum 
and the sum ^ Since each F{Zi) = 0 and the morphism Ox 

factors through see that the composition X’(0”^^2j) —;■ F{Yl^=i'^i) —^ F{Ox) = 

K is 0. Further, from the proof of Proposition 13.11 we know that 0r=i^* —^ is an 

epimorphism. Since F preserves small colimits (and hence preserves cokernels), X"(0iLii^i) —^ 
F{YfJi=iZi) is an epimorphism. It now follows that F{Yf^=iZi) — > F{Ox) = LC is 0. 

On the other hand, we see that for any given 1 < j < n, the composition Ox\uj = Ffu. —>■ 
^ ^x\uj is an isomorphism. Hence, ^ ^x\uj is an epimorphism 

for each j. Since the {Ui}i<i<n form a cover of X, it follows that —>• Ox is also 

an epimorphism and therefore Ox- This contradicts the fact that the morphism 

F{YfJi=iZi) — > F{Ox) = X is 0. Therefore, there exists at least one 1 <io <n such that for any 
quasi-coherent submodule Z of Ox with Aui^ = OxIc/iQ, FfZ — Ox) is always an epimorphism. 
Combining with the result of Lemma 15.71 we see that F(Z — Ox) is actually an isomorphism for 
any such Z. 

□ 


Lemma 5.9. Let J\f be a quasi-coherent sheaf on X and let M., M.\ and M .2 be quasi-coherent 
submodules of M. Let Z he a quasi-coherent submodule of Ox such that the morphisms Z ®Ox 
M-i — M, Z ®Ox -^2 —^ A7 factor through M.. Then, the morphism Z ®Ox (-^i + .^ 2 ) —^ A7 
factors through A4. 

Proof. We choose Spec{A) = U G ZarAff{X) and set: 

I:=Z{U) Mi=Mi{U) M2:=M2{U) M := M{U) N:=Af{U) (5.15) 


Then, the morphisms I (8>a Tfi — N, I 0a M 2 — > N factor through M. We will show that 
L (Ml -|- M 2 ) — N factors through M. We now consider the composition 

Ker{I 0A {Ml © M 2 ) —> L0aX) — > I 0a {Mi © M 2 ) — > M —> N (5.16) 

Since the composition L0a{Mi0M2) —^ M —N coincides with I0a{Mi0M2) —)• L0aN — 
N, the composition in (I5.16|) is 0. Since M —X is a monomorphism, this implies that 


Ker{I 0A {Ml © M 2 ) —> I0aN) — > I 0a {Mi © M 2 ) —> M (5.17) 

is 0. Composing with the canonical morphism I 0a Ker{{Mi © M 2 ) —^ N) —)■ Ker{I ©^i (Mi © 
M 2 ) —y L 0A N), we see that 


I ©A Ker{{Mi © M2) — > N) — > I 0a {Mi © M2) —M 
is 0. Then, (I5.18P implies that there is a natural morphism 

I ©A (Ml + M2) = L ©^ Coker{Ker{{Mi © M2) — > N) — )• Mi © M2) 

Coker{I 0a Ker{{Mi © M2) — N) — I 0a {Mi © M2)) — M 


(5.18) 


(5.19) 

□ 
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Proposition 5.10. Let X be a Noetherian, quasi-compact and semi-separated scheme over (C, (8), 1) 
and let K he a field object. Let F be a cocontinuous symmetric monoidal functor from QCoh{X) 
to K — Mod. Let U G ZarAff{X) be such that for any quasi-coherent submodule Z of Ox with 
Z\u = Ox\uj F maps the monomorphism Z —?• Ox to an isomorphism. Then, if g : M —AA 
is a monomorphism in QCoh{X) such that g\ij : A4\ij — M\u is an isomorphism, the functor F 
maps g to an isomorphism F{g) : F(M) F{J\f). 

Proof. From Theorem 13.91 it follows that J\f can be expressed as a filtered direct limit of its finitely 
generated quasi-coherent submodules {A/ijig/. Since each A/i is finitely generated, it follows from 
Proposition I5.6lf al that we can consider the quasi-coherent submodule X* := (Ad : A/i) of Ox for 
each i. Further, for any quasi-coherent submodule Z of Ox, it follows from Lemma 15.91 that the 
morphism Z 0Ox ^ factors through Ad if and only if Z ®Ox (-^ + ^i) —^ ^ factors 

through Ad. In particular, this means that Zi ®Ox -\- Nf) —> M factors through Ad. 

For the sake of convenience, we set A/J := Ad -\-Mi. It is clear that li^ A^ = N. Further, since 

i£l 

9\u ■■ Ad|[/ — > M\u is an isomorphism, we have Zi\ij = (Ad|[/ : Mi\u) = Ox\u- Hence FifZi) = 
F{Ox) = K G K — Mod. We have noted before that Xj 0Ox ®Ox (-^ + A/i) —>■ N factors 

through Ad. Since X is a symmetric monoidal functor, we now have the following commutative 
diagrams: 


Fi ®Ox ^ Fix ®Ox Fd 


Fi ®Ox Ff'i -^ Ad 


F{Zi) F{M) = F(M) X(Ad) 

idi (5.20) 

X(X,) 0,^ F(Af') ^ F(JV') -^ X(Ad) 


From the right hand side diagram in (I5.2nj) . it follows that X(Ad) — F{Ml) is a monomorphism 
for each i G L. On the other hand, we also have: 


Fi ZiOx A/J - Ox Z)Ox A/J 

Ad —^ A/;' 


X(X,) 0^ F{Ml) - X(A/;0 F{Af') 

id (5.21) 

F{M) -^ F{M') 


From the right hand side diagram in (|5.21l) . it follows that X(Ad) — F{Ml) is also an epimorphism 
for each i G L. Consequently, we have an isomorphism F{Xi) F{Mf) for each i G I. Since F 
preserves colimits, it now follows that F(Ad) = Im F{MI) = X(lim A/J) = F{J\f). 

i£l i£l 

□ 


Proposition 5.11. LetX be a quasi-compact, semi-separated and Noetherian scheme over {C, 0, 1). 
Let K he a field object of (C, 0,1) and F : QCoh{X) —^ K — Mod be a cocontinuous symmetric 
monoidal functor. Then, there exists a Zariski open immersion i : U —X with U affine such that 
F is i-local. 

Proof. Using Proposition 15.81 we can choose i : U —)• X in ZarAff(X) such that if X is a 
quasi-coherent submodule of Ox with Z\u = Ox\u, then F maps the monomorphism X — Ox 
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to an isomorphism. We now consider a morphism g : A4 —Af in QCoh{X) such that g\u : 
Ai\u —)• Af\u is an isomorphism. Then, in particular, g : A4 —>■ AA is a monomorphism, 
F{g) : F(AA) —)• F{J\f) is an isomorphism as shown in Proposition 15.lUl 

Alternatively, suppose that g : AA —Af is an epimorphism such that g\u is an isomorphism. We 
now consider the commutative diagram 



A4 


(5.22) 


where pi, p 2 are the two canonical morphisms from the limit A4' to Ai. Since pi o i = p 2 o i = id, 
i : Ai — Ai' is a monomorphism. When restricted to U, g becomes an isomorphism and hence the 
restriction i\u is an isomorphism. From Proposition 15.101 it follows that F(i) : F(Ai) —>■ F(Ai') 
is actually an isomorphism. Then, since pi o i = p 2 o i = id, F(pi) and F(p 2 ) are isomorphisms. 
We now consider the commutative diagrams: 


A4' A4 


pi 


9 


Ai M 


F(Ai) = F(Ai') 
npi) 

F(Ai) 


^ F(M) 
F(.g) 
F{Af) 


(5.23) 


Since g is an epimorphism in the abelian category QCoh{X), the cartesian square on the left is 
also cocartesian. Then, F being cocontinuous, the right hand square in (|5.23l) is also cocartesian 
and hence F{g) is an isomorphism. 

Finally, since any morphism g : Ai —>■ Af can be factorized as an epimorphism followed by a 
monomorphism, it follows from the above that if g\u is an isomorphism, F{g) is an isomorphism in 
K — Mod. From the result recalled in Proposition 15.di al, it follows that F : QCoh(X) —^ K — Mod 
is i-local. 

□ 


Theorem 5.12. Let X be a quasi-compact, semi-separated and Noetherian scheme over (C,0,1). 
Let K he a field object of (C, (8>, 1) and F : QCoh{X) —^ K — Mod be a cocontinuous symmetric 
monoidal functor that is also normal. Then, there exists a morphism f : Spec{K) —X such that 
F = f*. 

Proof. Prom Proposition 15.11'! we know that there exists {i :U = Spec{A) —)• X) € ZarAff{X) 
such that F is i-local. Since F is also normal, it follows from Definition 15.51 that there is a normal 
functor (G^, r^) : A - Mod —> K - Mod with F ^ o i*. Then ^ o i* o F ^ F o F. 
From Proposition 15.4l fbl. we know that 

02 * 

Func®{QGoh{U),K - Mod) {F’ € Func®{QCoh{X),K - Mod), i-local} (5.24) 

02 * 
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is an equivalence of categories. Therefore, we have € Func^{QCoh{U), K — Mod). Further, 
since A is Noetherian, it follows from Proposition 15.21 that there exists a morphism g : A —)• K 
in Comm{C) such that G^{M) = M 0 ^ K for any M ^ A — Mod. If we continue to denote by 
g the opposite morphism g : Spec{K) —> Spec{A), we see that G^ = g* : QCoh{Spec{A)) = 
A - Mod -^K - Mod = QGoh{Spec{K)). Hence, F ^ G^ o i* = g* o i* ^ {i o g)*. 

□ 


Conversely, given a morphism / : Spec{K) —X, it is clear that the pullback functor f* : 
QGoh{X) —)• K — Mod is cocontinuous and symmetric monoidal. We conclude by showing that 
the functor f* is also normal. 


Theorem 5.13. Let X be a quasi-compact, semi-separated and Noetherian scheme over (C,0,1). 
Let K he a field object o/(C, 0 ,1) and let f : Spec{K) —> X be a morphism of schemes. Then, the 
functor f* : QCoh{X) —> K — Mod is a cocontinuous, symmetric monoidal and normal functor. 

Proof. We have mentioned before that f* is cocontinuous and symmetric monoidal. Let (i : U = 
Spec(A) —> X) G ZarAff{X) be such that f* is [/-local. We now consider the fiber square: 


Y U = Spec{A) 

h i 

Spec{K) X 


(5.25) 


In (I5.25p . h : Y —)• Spec(K) is a Zariski open immersion. Since X is a field object, it follows from 
Proposition 14.91 that either Y = Spec{0) or h :Y — Spec{K) is an isomorphism. 

Case 1: Y = SpecfiS): Let Ox (resp. Ojj) be the structure sheaf of X (resp. Lf) as defined in (|2.3p . 
Then, since f* is [/-local and the morphism Ox —> i*Ou is an isomorphism when restricted to 
[/, f*{Ox —^ i*Ou) must be an isomorphism in X — Mod. Then, f*i^Ou = f*Ox — X. We now 
note that the family 


{W xx Spec{K) Spec{K)\W € ZarAff{X)} (5.26) 

is a covering of Spec{K). Hence, we can choose W G ZarAff{X) such that W Xx Spec{K) 7 / 
SpecfiY). Then, since X is a field object, we must have Z :=W Xx Spec{K) Spec{K). Then, 
the pullback f*{i*Ou) of i<^Ou can be described as: 

riuOu) = {FOu){W) ®oMW) K ^ Ox(W xx U) ®omw) K (5.27) 

On the other hand, we notice that: 

{W xxU)xw Z ={W xxU)xw{W xxSpec{K)) 

= ([/ XX Spec{K)) XspeciK) (W" XX SpeciK)) (5.28) 

= Spec{0) Xspec{K) Spec{K) = Specfid) 

Now since Z = Spec(K), combining (|5.27p and ()5.28l) . we see that 

riuOu) = Ox{W XX U) K = 0 (5.29) 
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which contradicts the fact that f*i^,Ou = K. Hence, it is not possible to have Y = U x x Spec{K) = 
S'pec(O). 

Case 2: h : Y — > Spec{K) is an isomorphism: We may suppose that h is actually the identity. 
Then, from ()5.25p . we see that f = i o g and hence f* = g* o i*. Since g : Y = Spec{K) — 
Spec{A) corresponds to a morphism in Comm{C), it is clear that g induces a normal functor 
{g* ,t) : a — Mod —K — Mod. Hence, the result follows. 

□ 
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